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We describe the local D=4 field theory on κ–deformed Minkowski space as nonlocal relativistic
field theory on standard Minkowski space–time. For simplicity the case of κ-deformed scalar field
φ with the interaction λφ4 is considered, and the κ–deformed interaction vertex is described. It
appears that fundamental mass parameter κ plays a role of regularizing imaginary Pauli–Villars
mass in κ–deformed propagator.
INTRODUCTION
The conventional field–theoretic models in elementary
particle physics (e.g. standard model – Yang-Mills theory
with spinorial and Higgs sector) are described by quan-
tum field theory on standard D=4 Minkowski space. The
addition of gravity effects can be realized in the following
two steps:
a) We consider field–theoretic models in curved back-
ground of classical gravitational field, describing curved
space–time geometry.
b) Further we quantize curved space–time geometry by
considering quantized gravitational field.
At present it is not known how to handle with reason-
able accuracy the quantum gravity modification of ge-
ometry, e.g. describe field theories in the background
of quantized geometries. It is known moreover, that
due to divergent quantum effects in Einstein gravity the
notion of classical space–time can not be used at dis-
tances comparable and smaller than the Planck length lp
(lp ≃ 10
−33cm) (see e.g. [1-3]). In front of this difficulty
one way of generalizing the standard framework of local
relativistic fields is to replace classical space–time points
by some primary extended objects (e.g. fundamental
strings, p-branes etc.) providing new field theory (e.g.
string field theory) which leads to finite quantum correc-
tions. Another way, closer to the idea of quantized ge-
ometry, is to replace commuting space–time coordinates
by noncommuting generators of a quantized Minkowski
space. There is a hope that such a quantized space–time
geometry will provide additional convergence factors or
even finite quantum field theory. Indeed, as we shall show
below, if we introduce mass–like deformation parameter
κ, it occurs also as a regularizing imaginary Pauli–Villars
large mass parameter, describing tachyonic pole in the κ–
deformed propagator.
I. κ–DEFORMED D = 4 RELATIVISTIC
SYMMETRIES
The standard space–time coordinates xµ = (~x, x0) can
be described as translations which form the Abelian sub-
group of D = 4 Poincare´ group P4 (formally one can
identify the Minkowski space with the coset P4/O(3, 1),
where O(3, 1) describes the Lorentz subgroup). Simi-
larly the properties of four relativistic momenta can be
described by the four translation generators of D = 4
Poincare´ algebra. In such a scheme one considers the
relativistic Poincare´ symmetries, described by the dual
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pair - D = 4 Poincare´ group and D = 4 Poincare´ alge-
bra - as primary geometric notions from which the prop-
erties of Minkowski space, fourmomenta as well as rel-
ativistic phase space are derived. This primary status
of symmetries we shall keep also in the case when the
classical relativistic framework is modified by the proce-
dure of quantum deformations. In analogy with classical
case, the quantum Minkowski space and quantum four-
momentum space can be obtained, respectively, from the
translation sector of D=4 quantum–deformed Poincare´
group and fourmomentum generators belonging to quan-
tum Poincare´ algebra.
In the last years there were proposed different quantum
deformations of D=4 Poincare´ symmetries (see e.g. [4-7])
in the form of real noncommutative and noncocommuta-
tive Hopf algebras. In particular, as a first such defor-
mation there was proposed the so–called κ–deformation
[4,5] introducing fundamental mass (or length) param-
eter κ. The κ–deformed Poincare´ algebra [4,8] is the
associative and coassociative Hopf algebra with genera-
tors Mµν = (Mi =
1
2ǫijkMjk, Ni = Mi0 Pk = (Pi, P0)
satisfying the relations1
[Mµν ,Mρτ ] = i (ηµτMνρ − ηνρMντ + ηνρMµτ
− ηντMµρ) ,
[Mi, Pj ] = iǫijkPk , [Mi, P0] = iPi ,
[Ni, Pj ] = iδij
[(
κ
2
(
1l− e−2P0/κ
)
+
1
2κ
~P 2
)
−
i
κ
PiPj
]
,
[Ni, P0] = iPi ,
[Pµ, Pν ] = 0 , (1.1a)
with the coproducts, antipodes and counits defined by
∆(Mi) =Mi ⊗ 1l + 1l⊗Mi ,
∆(Ni) = Ni ⊗ e
−P0/κ + 1l⊗Ni −
1
κ
ǫijkMj ⊗ Pk ,
∆(Pi) = Pi ⊗ e
−P0/κ + 1l⊗ Pi ,
∆(P0) = P0 ⊗ 1l + 1l⊗ P0 , (1.1b)
S(Mi) = −Mi ,
S(Ni) = −
(
Ni +
1
κ
ǫijkMjPk
)
eP0/κ ,
S(Pi) = −Pie
P0/κ
S(P0) = −P0 , (1.1c)
ǫ(Pµ,Mi, Ni) = 0 . (1.1d)
The classical Poincare´ algebra is obtained in the limit
κ→∞.
The Hopf algebra (1.1a–d) has its dual form, generated
by the following duality relations
〈Pµ, xˆρ〉 = δ
µ
ρ (1.2a)
〈Mµν ,Λρτ 〉 = δ
µ
ρδ
ν
τ − δ
µ
τ δ
ν
ρ (1.2b)
In accordance with general scheme the dual generators
(xˆρ,Λρτ ) describe κ–deformed Poincare´ group. Using du-
ality relations between arbitrary powers of the generators
(Pµ,Mµν) and (xρ,Λρτ ) as well as the property of inner
product
〈A⊗B,∆(a)〉= 〈A · B, a〉
〈∆(A), a ⊗ b〉= 〈A, a · b〉 (1.3)
one can derive the following set of relations, defining κ–
deformed Poincare´ group [5,8]:
a) algebraic relations
[xˆµ, xˆν ] =
i
κ
(δµ0 xˆ
ν − δ ν0 xˆ
µ) ,
[Λµν ,Λ
ρ
τ ] = 0 ,
[Λµν , xˆ
ρ] = −
1
κ
[(Λµ0 − δ
µ
0 ) Λ
ρ
ν
+
(
Λ0ν − δ
0
ν
)
ηµρ
]
, (1.4a)
b) coproducts
∆(xˆµ) = Λµρ ⊗ xˆ
ρ + xˆµ ⊗ 1l ,
∆(Λµν) = Λ
µ
ρ ⊗ Λ
ρ
ν , (1.4b)
c) antipodes and counits
1The κ–deformed algebra can be written with the use of
different basic generators. The one presented below uses so–
called bicrossproduct basis [8] with the quantum deformation
in the algebraic sector occurring entirely in the “cross” com-
mutation relations of the Abelian fourmomentum generators
with the classical Lorentz generators.
2
S(Λµν) = −Λ
µ
ν , S(x
µ) = −xµ ,
ǫ(Λµν) = δ
µ
ν , ǫ(x
µ) = 0 . (1.4c)
It should be observed that the relations (1.2b) and (1.2c)
remains undeformed, as for classical Poincare´ group.
Our aim in this paper is to consider the field theory
on κ–deformed Minkowski space, described by the trans-
lation generators xˆµ of the κ–deformed Poincare´ group
(see (1.4a–c)) after the contraction mapping Λµα → δ
µ
α.
The κ–deformed Hopf algebraHx describing the quan-
tum Minkowski space–time is generated by the coordi-
nates xˆµ and determined by the following basic relations:
[xˆ0, xˆi] =
i
κ
xˆi , [xˆi, xˆj ] = 0 , (1.5a)
∆(xˆµ) = xˆµ ⊗ 1l + 1l⊗ xˆµ , (1.5b)
The dual Hopf algebra Hp of functions on κ–deformed
fourmomenta is described by the Hopf subalgebra of the
κ–deformed Poincare´ algebra (1.1a–c) as follows
[pµ, pν ] = 0 , (1.6a)
∆(pi) = pi ⊗ e
−P0/κ + 1l⊗ pi ,
∆(p0) = p0 ⊗ 1l + 1l⊗ p0 . (1.6b)
The antipodes and counits inHx andHp remain classical.
An important tool will be the use of κ–deformed
Fourier transform, describing the fields on non–
commutative Minkowski space with generators xˆ =
(xˆi, xˆ0) in the following way (pxˆ ≡ pixˆi − p0xˆ0)
2
Φ(xˆ) =
1
(2π)4
∫
d4p Φ˜(p) : eipxˆ ; (1.7)
φ˜(p) is a classical function on commuting fourmomentum
space p = (pi, p0) and (~p ~x ≡ pixˆi)
: eipxˆ :
.
= eip0xˆ0ei~p ~x . (1.8)
The κ–deformed exponential (1.4b) describes the
canonical element [9,10] or T –matrix [11,12] for the pair
of dual Hopf algebras Hx and Hp.
From (1.6b) and (1.8) follows that
: eipxˆ : : eiqxˆ : = : ei∆
(2)(p,q)xˆ : (1.9)
where ∆(2)(p, q) = (~p e−q0/κ + ~q, p0 + q0) is the fourmo-
mentum addition rule described by the coproduct (1.6b).
From the Fourier transform Φ˜(p) one can obtain also
a standard relativistic field φ(x) on classical Minkowski
space x ≡ (xi, x0) by performing the classical Fourier
transform
φ(x) =
1
(2π)4
∫
d4p Φ˜(p) eipx . (1.10)
It is easy to see that in the limit κ → ∞ we get
xˆµ → xµ and the formula (1.7) describing “quantum”
Fourier transform can be identified with the classical one,
given by (1.10).
We shall describe the κ–deformation of relativistic lo-
cal field theory in the following three steps:
1) We replace in conventional local relativistic field
theory the classical Minkowski coordinates xµ by quan-
tumMinkowski coordinates xˆµ, and relativistic–covariant
differential operators defining free fields by correspond-
ing κ–covariant differential operators on κ–deformed
Minkowski space. The κ–deformed Lagrangean is the
product of fields (1.7) and its derivatives and becomes
an element of noncommutative Hopf algebra defined by
(1.5). The new action is obtained by integration of local
products of κ–deformed fields and their derivatives over
κ–deformed Minkowski space.
2) In order to perform the integration we substitute in
the κ–deformed Lagrangean the Fourier transforms (1.7),
apply the formula (1.9), and replace the integration over
κ–deformed Minkowski space by the κ–deformed convo-
lution integrals in fourmomentum space. We can calcu-
late all occurring κ–deformed integrals
∫∫
d4xˆ by using
the formula
1
(2π)4
∫∫
d4xˆ : eipxˆ : = δ4(p) . (1.11)
which implies for example that∫∫
φ(xˆ)d4x =
∫
d4pδ4(p)Φ˜(p) = Φ˜(0) (1.12a)∫∫
φ2(xˆ)d4x
=
∫
d4p1
∫
d4p2Φ˜(p1)Φ˜(p2)δ(∆
(2)(p1, p2))
=
∫
d4pΦ˜ (~p, p0)
(
−~p eP0/κ,−p0
)
(1.12b)
and in general case∫∫
d4xˆΦn(xˆ) =
∫
d4p(1)
∫
d4p(n)Φ(p(1))
. . .Φ(p(n))δ(4)
(
∆(n)µ
(
p(1), . . . p(n)
))
(1.12c)
2One can also use in (1.7) the measure Ω4 = d4p e−
3p0
κ which
is invariant under the shift in fourmomentum space described
by the coproduct (1.6b).
3
where ∆(n) is the iterated coproduct (1.4b)
∆
(n)
0
(
p(1), . . . p(n)
)
= p
(1)
0 + . . .+ p
(n)
0
~∆ (n)
(
~p (1), . . . ~p (n)
)
=
n∑
k=1
~p (k) e
− 1
κ
n∑
l=k+1
p
(l)
0
(1.13)
The integral (1.12a) in the two-dimensional case in dif-
ferent context has been used by Majid [13,14].
3) In order to interprete the κ–deformation in stan-
dard Minkowski space we use the formula (1.10). The
κ–deformed convolution integrals of Fourier transforms
φ˜(p) become the κ–dependent nonlocal vertices of fields
φ(x) in standard Minkowski space.
II. κ–DEFORMED MINKOWSKI SPACE:
DIFFERENTIAL BICOVARIANT CALCULUS,
VECTOR FIELDS AND INTEGRATION
In order to describe the field equations on κ–deformed
Minkowski space one should consider corresponding dif-
ferential calculus and its covariance properties under the
action of κ–deformed Poincare´ group.
a) Differential bicovariant calculus.
On κ–deformed Hκ with four selfadjoint generators xˆµ
one can construct a five–dimensional bicovariant differ-
ential calculus with the basis [15,16,17]
τµ = dxˆµ , τ5 = [dxˆµ, xˆµ] +
3i
κ
dxˆ0 , (2.1)
satisfying the relations
[τµ, xˆν ] =
i
κ
η0µτν −
i
κ
ηµντ0 +
1
4
ηµντ ,
[τ5, xˆν ] = −
4
κ2
τν , (2.2)
and (A = 0, 1, 2, 3, 4, 5)
τA ∧ τB = −τA ∧ τB ,
dτµ = 0 dτ5 = −2τµ ∧ τµ . (2.3)
The κ–Minkowski space (1.5a-b) carries the left covari-
ant action of κ–Poincare´ group (1.4a-c)
ρL(xˆ
µ) = Λµν ⊗ xˆ
ν + aµ ⊗ 1l , (2.4)
and the relations (2.2-3) are covariant under the following
transformations of differentials
ρ˜L(τ
µ) = Λµν ⊗ τ
ν , ρ˜L(τ
5) = 1l⊗ τ5 . (2.5)
One can also define the covariant right action of another
Poincare´ group
ρR(xˆ
µ) = xˆν ⊗ Λ µν − 1l⊗ a
νΛ µν , (2.6)
obtained by the change κ → −κ in the formulae (1.2).
Such right covariance quantum group provides the fol-
lowing covariance of the relations (2.2-3)
ρ˜L(τ
µ) = τν ⊗ Λ µν , ρ˜L(τ
5) = τ5 ⊗ 1l , (2.7)
b) κ–deformed vector fields.
In order to define the vector fields describing left or
right partial derivatives ∂ˆA acting on functions on κ–
deformed Minkowski space we write:
df = ∂ˆLA f · τ
A = τA ∂ˆRA f . (2.8)
In particular, using Leibnitz rule d(fg) = dfg + fdg we
obtain that3
d : eipxˆ : = : χA(pµ)e
ipxˆ : τA , (2.9)
where
χi = e
P0/κ pi ,
χ0 = κ
(
eP0/κ − 1
)
+
1
2κ
M2κ(p) ,
χ5 = −
1
8
M2κ(p) (2.10)
and
M2κ(p) = e
P0/κ ~p 2 −
(
2κ sinh
P0
2κ
)2
= eP0/κ ~p 2 + 2κ2
(
1− cosh
P0
κ
)
, (2.11)
where in the limit κ → ∞ we get M2κ(p) → ~p
2 − p20 =
−m2. Using Fourier transform (1.3) and the relation
pµ : e
ipxˆ :=: 1i ∂µe
ipxˆ : one obtains
∂AΦ(xˆ) = : χA
(
1
i
∂
∂xµ
)
Φ(xˆ) : (2.12)
Using duality relations one can relate the derivatives on
κ–deformed Minkowski space with the fourmomentum
generators (1.4a–b). In bicrossproduct basis one obtains
[8]
〈Pµf(P ), : φ(xˆ) :〉 = 〈f(P ), : i
∂
∂xµ
Φ(xˆ)〉 , (2.13)
3Further we shall use the left partial derivatives and put
∂ˆA ≡ ∂ˆ
L
A.
4
where Pµ ∈ Hp, or equivalently
Pµ : φ(xˆ) : = :
1
i
∂
∂xµ
φ(xˆ) : (2.14)
We see that one can express the vector fields in terms
of the fourmomentum generators Pµ of κ–deformed
Poincare´ algebra (1.1):
∂AΦ(xˆ) = χA(Pµ) : φ(xˆ) : (2.15)
where χA are given by relations (2.10).
c) κ–invariant integration over κ–deformed
Minkowski space.
The relation (1.12a) and the definition (1.8) lead to the
equality4
1
(2π)4
∫∫
d4xˆ Φ(xˆ) = Φ˜(0) =
1
(2π)4
∫
d4x φ(x) . (2.16)
In order to show the κ–Poincare´ invariance of (2.16)
we should prove that5∫∫
d4xˆΦ
(
xˆµ ⊗ Λ νµ − I ⊗ a
µΛ νµ
)
= Φ˜(0)⊗ 1l . (2.17)
The relation (2.17) is shown in the Appendix.
It is easy to see from (1.12b–d) that the relation (2.16)
can not be generalized to the powers of functions; in par-
ticular
1
(π)4
∫∫
d4x̂φn(x̂) 6=
1
(π)4
∫
d4xφn(x) n ≥ 2 (2.18)
d) Hermitean conjugation, adjoint derivatives
∂ˆ+A .
If we denote
Φ+(xˆ) =
1
(2π)4
∫
d4p Φ˜+(p) : eipxˆ : (2.19)
one easily calculates that
Φ˜+(~p, p0) = e
−3p0/κΦ˜
(
−ep0/κ~p,−p0
)
. (2.20)
The Fourier transform (2.19) substituted in (1.10) pro-
vide the following notion of κ–deformed adjoint operation
in standard Minkowski space:
φ+(x) = e−i∂t/κ(3+~x
~∇ )φ⋆(x) = Rˆκφ
⋆
(
~x, x0 −
3i
2κ
)
,
(2.21)
where Rκ = exp
1
κ∂0D and D = −i
(
~x ~∇ + 32
)
. The for-
mula (2.19) also defines the notion of adjoint derivatives,
satisfying the relation corresponding to the integration
by parts:∫∫
d4xˆΦ1(xˆ)
(
∂ˆAΦ2(xˆ)
)
=
∫∫
d4xˆ
(
∂ˆ+AΦ1(xˆ)
)
Φ2(xˆ) .
(2.22)
It is easy to check that
∂ˆ+AΦ(xˆ) =
1
(2π)4
∫
d4p e−3p0/κχA
×
(
−ep0/κ~p,−p0
)
Φ˜(p) : eipxˆ : (2.23)
where the functions χA(p) are given by (2.10).
III. κ–DEFORMED λφ4 THEORY
In order to write κ–deformed KG free equation we ob-
serve that (see (2.10), µ = 0, 1, 2, 3)
χµχ
µ =M2κ(p)
(
1−
M2κ(p)
4κ2
)
, (3.1)
We write the free κ–deformed KG action as follows:
S0 =
∫∫
d4xˆ
[(
∂ˆ+µ Φ
+(xˆ)
)
∂µΦ(xˆ)
− m2Φ+(xˆ)Φ(xˆ)
]
=
∫∫
d4xˆΦ+(xˆ)
(
✷̂−m2
)
Φ(xˆ) , (3.2)
where ✷̂ ≡ ∂ˆµ∂ˆ
µ, and we assume the following interaction
Sint =
λ
4
∫∫
d4xˆ
(
Φ+(xˆ)Φ(xˆ)
)2
. (3.3)
By adding to the fields Φ, Φ+ classical variations6 we
obtain the following field equation:
(
✷̂−m2
)
Φ =
λ
4
[
Φ
(
Φ+Φ
)
+
(
Φ+Φ
)
Φ
]
. (3.4)
4The idea that integration over noncommutative space of
suitably ordered function is equal to the classical integral first
appeared in [13,17].
5We shall use the right action of the κ–deformed Poincare´
symmetry.
6We follow the technique applied e.g. to quantized fields in
[18], where the quantum fields have c-number variations.
Further, we shall assume for simplicity that Φ+(xˆ) =
Φ(xˆ), i.e., we assume that Φ˜+(~p, p0) = Φ˜(~p, p0) (see
(2.19)). We obtain for real κ–deformed KG fields
S0 =
1
2
∫∫
d4xˆΦ(xˆ)
(
✷̂−m2
)
Φˆ(xˆ) (3.5)
=
1
2
∫
d4pΦ˜(−p)
(
M2(p)
(
1−
M2κ(p)
4κ2
)
−m2
)
Φ˜(p)
The classical κ–deformed free KG field (see (1.10)
and (3.2)) is described by the Lagrangean (M̂2κ =
−M2κ(
1
i
~∇, 1i ∂0))
S0 =
∫
d4xφ(x)
[
M˜2κ
(
1 +
M˜2κ
4κ2
)
−m2
]
φ(x) (3.6)
where
M˜2κ = ∆e
−
i∂0
κ −
(
2κ sin
∂0
2κ
)2
= ∆e−
i∂0
κ − 2κ2
(
1− cos
∂t
κ
)
(3.7)
and the free field equation takes the form(
M˜2κ −m
2
κ+
)(
M˜2κ −m
2
κ−
)
φ = 0 (3.8)
where m2κ± = −2κ
2
(
1∓
√
1 + m
2
κ2
)
. i.e.
m2κ+ = m
2 −
m4
4κ2
+O
(
1
κ4
)
(3.9a)
m2κ− = −4κ
2 −m2 +
m4
4κ2
+O
(
1
4
)
(3.9b)
We see that the first mass m2κ+ describes the physi-
cal spectrum, while the second one m2κ− represents the
tachyonic regularization mass, in the spirit of Pauli–
Villars regularization. Indeed, writing the causal propa-
gator, corresponding to (3.8) we obtain
∆Fκ (~p, p0) = (3.10)
=
(
M2κ (~p, p0)
(
M2κ (~p, p0)
4κ2
− 1
)
−m2 + iǫ
]−1
=
4κ2(
M2κ(p)−m
2
+ + iǫ
) (
M2κ(p)−m
2
− + iǫ
)
=
1√
1 + m
2
κ2
(
1
M2κ(p)−m
2
+ + iǫ
−
1
M2κ(p)−m
2
− + iǫ
)
Defining
∆F (±)κ (~x, x0) = (3.11)
=
1
(2π)4
∫
d3~pei~p ~κ
+∞∫
−∞
dp0
e−ip0x
0
M2κ(p)−m
2
± + iǫ
we get
∆Fκ (~x, x0) = (3.12)
=
1
(2π)4
∫
d3pei~p ~κ
+∞∫
−∞
dp0e
−ip0x
0
∆Fκ (~p, p0)
=
1√
1 + m
2
κ2
(
∆F (+)κ (~x, x0)−∆
F (−)
κ (~x, x0)
)
In order to calculate short distance behaviour of (3.11–
12) let us observe that (M2κ(p)−m
2
±)
−1 in (3.11) contains
the following double infinite sequence of poles:
∆F (±) : p
(±)
0;n = κ ln
±
√
1 + m
2
κ2 +
√
~p 2+m2
κ2
p2
κ2 − 1

+2πinκ = p
(±)
0 + 2πinκ
p
′(±)
0;n = κ ln

√
1 + m
2
κ2 ∓
√
p2+m2
κ2
p2
κ2 − 1

+2πi
(
n+
1
2
)
κ
= p
′(±)
0 + 2πi(n+
1
2
)κ (3.13)
Calculating infinite summ of contributions from residua,
e.g.
∞∑
n=0
e−ix
0(p
(+)
0 +2iπnκ) =
e−iκx0p
(+)
0(
1− e2πκx0
) (3.14)
and using the relation
∞∫
0
dp eip|~x|
( p
κ
)iκx0
= κ (−iκ|~x|)
−1−iκx0
Γ
(
1 + iκx0
)
(3.15)
one gets, after some tedious calculations, for small |~x|, x0
the formula
∆κ(~x, x0) ∼
−iκ cosh
(
πκx0
2
)
Γ
(
1 + iκx0
)
(2π)
2
√
1 + m
2
κ2 |~x| (κ|~x|)
1+iκx0
(3.16)
In order to calculate the corrections due to interactions
we should rewrite the interaction term (3.3) in momen-
tum space. For real κ–deformed scalar field one gets
Sint =
λ
4
∫∫
d4xˆΦ4(xˆ) =
λ
4
∫
d4p(1) . . . d4p(4)
6
× Φ˜(p(1)) . . . Φ˜(p(4))δ4
× δ
(
∆(4)µ (p
(1), p(2), p(3), p(4)
)
, (3.17)
where7 (cf. (1.12c))
∆
(4)
0 = p
(1)
0 + p
(2)
0 + p
(3)
0 + p
(4)
0 ,
∆
(4)
i =
4∑
k=1
p
(k)
i e
−1/κ
4∑
l=k+1
p
(l)
0
. (3.18)
One gets further
Sint =
1
4
∫
d4p(1)d4p(2)d4p(3)Φ˜
(
~p (1), p
(1)
0
)
×Φ˜
(
~p (2), p
(2)
0
)
Φ˜
(
~p (3), p
(3)
0
)
×Φ˜
(
−~p (1)e
p
(1)
0
κ − ~p (2)e
p
(1)
0
+p
(2)
0
κ
− ~p (3)e
p
(1)
0
+p
(2)
0
+p
(3)
0
κ ,−p
(1)
0 − p
(2)
0 − p
(3)
0
)
(3.19)
In order to describe the Fourier transform as a nonlocal
expression in standard Minkowski space we change the
variables
~q (1) = e−
(p
(2)
0 +p
(3)
0 )
κ ~p (1) ~q (2) = e−p
(3)
0 /κ~p (2) ~q (3) = ~p(3)
(3.20)
and put q
(i)
0 = p
(i)
0 . One obtains
Sint =
λ
4
∫
d4q(1)d4q(2)d4q(3)e
3/κ
(
2q
(1)
0 +q
(2)
0
)
Φ˜
(
~q (1)e
(
q
(2)
0 +q
(3)
0
)/
κ
, q
(1)
0
)
Φ˜
(
~q (2)eq0/κ, q
(2)
0
)
Φ˜
(
~q (3), q
(3)
0
)
×Φ˜
(
−
(
~q (1) + ~q (2) + ~q (3)
)
e
(
q
(1)
0 +q
(2)
0 +q
(3)
0
)/
κ
,−
(
q
(1)
0 + q
(2)
0 + q
(3)
0
))
=
λ
4
∫
d4xφ4κ(x) (3.21)
where
φ4κ(x) = e
1/κ
[(
∂
(2)
0 +∂
(3)
0
)
~x (1) ~∇ (1)+∂
(3)
0 (~x
(2) ~∇ (2))+∂(4)0 (~x
(4) ~∇ (4))
]
×Φ
(
~x (1), x
(1)
0 −
6i
κ
)
Φ
(
~x (2), x
(2)
0 −
3i
κ
)
Φ
(
~x (3), x
(3)
0
)
Φ
(
~x (4), x
(4)
0
) ∣∣∣∣∣
x(i)=x
i=1,2,3,4
(3.22)
describes the nonlocal κ–deformed λφ4 vertex. If we restrict ourselves to the leading term linear in 1κ we get Sint =
S
(0)
int +
1
κS
(1)
int + . . . where
S
(1)
int =
λ
4
∫
d4p(1)d4p(2)d4p(3)
(
p
(1)
0 ~p
(1) +
(
p
(1)
0 + p
(2)
0
)
~p (2) +
(
p
(1)
0 + p
(2)
0 + p
(3)
0
)
~p (3)
)
×Φ˜
(
~p (1), p
(1)
0
)
Φ˜
(
~p (2), p
(2)
0
)
Φ˜
(
~p (3), p
(3)
0
) ∂
∂~p
Φ˜
(
~p;−p
(1)
0 − p
(2)
0 − p
(3)
0
) ∣∣∣∣∣
~p=−~p1−~p2−~p3
, (3.23)
i.e., one can write
φ4κ(x) = φ
4(x) +
~x
κ
(
∂
(1)
0
~∇ (1) +
(
∂
(1)
0 + ∂
(2)
0
)
~∇ (2) +
(
∂
(1)
0 + ∂
(2)
0 + ∂
(3)
0
)
~∇ (3)
)
×Φ
(
~x (1), x
(1)
0
)
Φ
(
~x (2), x
(2)
0
)
Φ
(
~x (3), x
(3)
0
)
Φ
(
~x (4), x
(4)
0
) ∣∣∣∣∣
x(i)=x
i=1,2,3,4
+O(
1
κ2
) . (3.24)
7It should be pointed out that the coassociativity of the co-
product ∆(4) provides the associativity of the product Φ4(xˆ),
i.e., Φ(xˆ)Φ2(xˆ) = Φ2(xˆ)Φ(xˆ) etc.
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It should be mentioned, however, that the expansion
in 1κ provides the terms proportional to the powers of ~x
and the nature of the nonlocality described by the ex-
ponential of differential operator is not well described by
such a power expansion.8
The formulae (3.21) and (3.23) describing nonlocal in-
teraction vertex can be used in the case when the field
Φ(x) is classical (the Fourier components Φ˜(x) commut-
ing) as well as in the quantized case. Using perturbative
expansion in coupling constant λ one can derive from
(3.12) and (3.21) the modified rules for κ–deformed Feyn-
man diagrams, with
i) the internal lines described by the propagator (3.12)
ii) the vertices introducing κ–deformed four–
momentum conservation law (see (3.13))
δ4 (p1 + . . .+ p4)→ ∆
(4) (p1, p2, p3, p4) . (3.25)
Unfortunately due to (3.2a) the κ–deformed Feynman di-
agrams will have an unusual property: the fourmomen-
tum through virtual lines is not conserved. For example
if we consider the self–energy diagram in κ–deformed λφ4
theory the standard undeformed formula
q
q
q q
q
q
p p’ p p’
1
2
3
1
2
3
κ−deformation
(p , q , q , q ))                 (q , q , q , p’))
1 2 3 1 2 3 1 1 2 3 3
δ     (p-q  -q  -q  )         (q  +q  +q  -p’) δ δ δ(∆ (∆(4) (4) (4) (4) (4)(4)
21
. . . .
FIG. 1. κ–deformation of self–energy diagram in λφ4
theory.
it is easy to show that∫
d4q1 d
4q2 d
4q3 F (q1, q2, q3)δ
4 (p− q1 − q2 − q3)
·δ4 (q1 + q2 + q3 − p
′) ∼ δ4 (p− p′) (3.26)
is replaced by∫
d4q1 d
4q2 d
4q3 Fκ (q1, q2, q3)
·δ4
(
∆(4) (p, q1, q2, q3)
)
·δ4
(
∆(4) (q1, q2, q3, p
′)
)
6 6∼δ4 (p− p′) (3.27)
We see from (3.27) that the virtual process imply the
dissipation of the fourmomenta.
At present we consider this nonconservation of the
fourmomenta at κ–deformed vertices as a serious diffi-
culty.
IV. CONCLUSIONS
We would like to point out that in this paper we present
a new scheme providing the rules how to calculate the
corrections to the fourdimensional local relativistic inter-
acting field theory in the presence of quantum deforma-
tions9. Our scheme can be described by the following
diagram:
Classical local
-deformation
-deformation
-deformed
Fourier transformlocal   -deformed
  -deformed Minkowski
space
   -deformed  field theory
 -deformedκ
κ
κ standard inverse
κ
κ
κ
κ
  space
 field theory on
  commutative  momentum
   space   
Classical nonlocal
 field theory
 field theory on
 Minkowski
 Fourier transform
on standard on standard Minkowski space
The scheme is valid for any deformation of D=4
Poincare´ symmetries with commutative fourmomenta.
Such deformations can be described by the Poincare´
quantum group with the following bicrossproduct struc-
ture:
P(q) = O(3, 1)⋉ T
(q)
4 , (4.1)
where
- O(3, 1) is the classical Lorentz algebra, with primitive
coproducts (classical Hopf-Lie algebra).
- T
(q)
4 describes the Hopf algebra of translations (see
(1.5a-b) in our case) deformed in a way preserving the
primitive coproduct (1.5b).
It appears that the deformed space–time translations
T
(q)
4 should be described by a set of relations
[xˆµ, xˆν ] =
1
κ
Cρµν xˆρ +
1
κ2
Tµν , (4.2)
8In similar way the finite shift operator ea∂x is very inaccu-
rately approximated by the powers (a∂x)
n.
9It should be mentioned that the deformation of local in-
teraction vertices in the presence of space–time coordinates
commuting to a nonvanishing c–number (see [1]) were con-
sidered by Filk [22]. Recently also the deformations of two–
dimensional theories were considered in [23].
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with suitable conditions for the dimensionless coefficients
Cρµν , Tµν , which can be obtained from the results pre-
sented in [7]. The κ–deformation described in this paper
is distinguished by the property that it preserves the clas-
sical nonrelativistic O(3) symmetries.
In conclusion we would like to point out the follow-
ing two problems which we found while considering our
corrections:
i) The modification of classical fourmomentum conser-
vation law.
The corrections to the local vertices are nonlocal in
time and from the point of view of classical relativistic
invariance are not translation–invariant (see e.g. (3.21)
and (3.24)). This property occurs always when in (4.2)
Cρµν 6= 0
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ii) The nonsymmetric coproduct of three–momenta re-
quires some novel approach to the problem of statistics
and the notion of bosons and fermions in the presence of
κ–deformation.
The first difficulty means that the κ–deformed field
theory looks quite different from the undeformed one,
and it is not yet clear how such modified field theory and
modified energy–momentum conservation laws could be
useful in fundamental interactions theory. This paper
should be treated rather as an indication of new fea-
tures and problems which are met when we modify local
field theory in a way covariant under quantum–deformed
Poincare´ symmetries. In particular because the Abelian
addition law for the fourmomenta described by their co-
products are modified (see (1.6b) and (1.12c) the nonlo-
calities are necessarily required by the κ–deformed form
of translational invariance.
The second difficulty we consider to be rather of tech-
nical nature, which should be solved by the introduction
of some highly nontrivial unitary operator, representing
the exchange of space–time position of two κ–deformed
bosonic or fermionic particles (for the solution of an anal-
ogous but much simpler problem see [24]).
It should be mentioned that preliminary results of this
paper have been presented at XXII International Collo-
quium on Group–Theoretic Methods in July 1998 (Ho-
bart, Tasmania).
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APPENDIX
After tedious calculations one can show that
: e−ipµ(xˆ
ν⊗Λ µν −I⊗a
νΛ µν ) :
= eip0⊗a
µΛ 0µ eipk⊗a
µΛ kµ : e−i(xˆ
µ⊗1l)φµ(p,Λ) , (A.1)
where
φ0(p,Λ) = κ ln
[{
cosh
p0
κ
⊗ 1l +
(
sinh
p0
κ
⊗ 1l
)
◦H 00
}
×
(
~p 2
2κ2
⊗
(
Λ 00 − 1
)
+
pκ
κ
⊗ Λ κ0 + 1l⊗ 1l
)]
,
(A.2a)
φk(p,Λ) =
κ
(
sinh p0κ ⊗ 1l
)
◦H 0k{
cosh p0κ ⊗ 1l +
(
sinh p0κ ⊗ 1l
)
◦H 00
}(
p2
2κ2 ⊗ (Λ
0
0 − 1) + 2
pl
κ ⊗ Λ
l
0 + 2⊗ 1l
} (A.2b)
and
H 00 =
2⊗ Λ 00 +
~p 2
κ2 ⊗
(
Λ 00 − 1l
)
+ 2 pkκ ⊗ Λ
k
0
~p 2
κ2 ⊗ (Λ
0
0 − 1l) + 2
pk
κ ⊗ Λ
k
0 + 2⊗ 1l
(A.3a)
H 0k =
−2 plκ ⊗ Λ
l
k +
(
Λ 00 − 1l
)
+ 2 plκ ⊗ Λ
l
0 Λ
0
k + 2⊗ Λ
0
k
~p 2
κ2 ⊗ (Λ
0
0 − 1l) + 2
pk
κ ⊗ Λ
k
0 + 2⊗ 1l
.
(A.3b)
We obtain
Φ (xˆν ⊗ Λ µν −1l⊗ a
νΛ µν )
10The case of (4.2) with Cρµν = 0 was considered in [1]. In
such a case (see [22]) the classical fourmomentum conserva-
tion at the vertices of deformed Feynman diagrams is valid.
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=∫
d4p Φ˜(p)eip0⊗a
kΛ 0k eipk⊗a
kΛ kk
: e−i(xˆ
µ⊗1l)φµ(p,Λ) (A.4)
Using the explicit formulae (A.2–3) and commutativity
of xµ with φµ one gets∫∫
d4xˆ : e−ixˆφ(p,Λ)⊗1l := (2π)4 δ4 (φ(p,Λ))⊗ 1l
= (2π)4J
(
∂φµ
∂pν
)
δ4(p)⊗ 1l (A.5)
Because
∂φµ
∂pν
|pρ=0 = 1 ⊗ Λ
ν
µ , we get J |pρ = 1. Insert-
ing (A.1) and (A.4) in (2.17) one shows that the integral
(2.16) has the same value for all frames described by κ–
deformed Poincare´ group.
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